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Abstract 

In this paper, under the Riemann hypothesis, we study the Fourier 
analysis about the functions A(a;) and N{T) . 




1 INTRODUCTION 



Riemann hypothesis has been studied in many different ways, in this paper, 
we will try to use somewhat new angles to study RH. Most results of this 
paper are obtained under the RH. As we know, Guinand formula is a rep- 
resentation of N{T) which is the distribution function of Riemann zeros in 
term of series of the prime number powers, although Guinand formula [2] is 
a result under the assumption of RH,it provides an explicit method to figure 
out all non trivial Riemann zeros. Actually, this fact is far from trivial be- 
cause once we have prime number representation of N{T) (Guinand formula) 
at hand, we can immediately restore a function via the distribution of it's 
zeros, so Guinand formula is equivalent to RH and we will prove it in the first 
section. Since Guinand formula is very important in this paper and Guinand 
original proof is complicated and full of the favor of harmonic analysis, we 
will first of all give another simple and elementary proof based on the lemma, 
which is the ground stone of this paper, besides ,our new proof gives out a 
stronger conclusion than the original statement of Guinand formula. This 
stronger result will help us to check the truth of RH much more efficiently. In 
the second section we rewrite Guinand formula and Riemann-Mangoldt for- 
mula as two integral equations of two "functional variables" A{x) and S{T), 
which seems to imply Guinand formula and Riemann-Mangoldt formula are 
reciprocal to each other and such integral representation will be used in the 
4th section. In the third section ,first of all, we derive an elementary formula 
based on functional equation of Riemann zeta function and lemma. This 
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formula provides infinitely many non trivial integral equations of N{T), also, 
we use the elementary formula to prove a theorem which claims | A(x) | has 
a non-zero measurement of a positive lower bound. 

2 Guinand formula with an error term and 
it's inverse theorem 

In this section, we will give out a proof of Guinand formula with the uni- 
formly convergent error term, besides, we also give out an inverse theorem 
of Guinand formula. First of all we need following notations and formulas 
which will be used throughout this paper pQ, [5]. 
Chebyshev function 



Where the Von Mangoldt function A{n) = logp ii n = for some k and 
some prime number p ,A(n) = otherwise. 

Theorem 1 ( Mangoldt and Riemann explicit formula) 



^(x) = A(n) 



n<x 



^jj{x) = X- lirriT^^ 

/ P 



oo 



X 



-2n 



log{2n) + Y 



2n 



n=l 



Where p runs through all non-trivial Riemann zeros. 



Theorem 2 IE] 



il}{x) = X — Y, 



+ 0( 




T 
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we set 

^2 p+l oo -2n+l 

It's easy to prove that when x is not equal to any integer, -(/^(x) is differentialble 
and it's derivative is just i/j^x) and it's continuous when x > |lj. We set 
A{x) = ipi^x) — X and A(x) = tp^x) — ^ ■ 

The following lemma will is important for deducing the Guinand formula 
with the error term. 

Lemma 3 when s ^ p, 

C n<X ^ 

2{s - 1) ^ Pip + l){s- p) 4l 2n(2n -l)is + 2n) ^ ' 

Proof. Let 

Us) = E ^ 

Using integration by parts twicely, we have that 

/^(s) = x-'di){x) = ip{X)X-' - ij{x)dx-' = ij{X)X-' + s ^{x)x-'-^dx 

= ^lJiX)X-' + s x-'-'^di>{x) 

= 'ilj{X)X-' + s^p{X)X-'-'^ + s{s + 1) ij{x)x-'-'^dx (3) 



and by formula [Hwe can further get 

7/ X -s-2j^_ [^\-^P ~ ln{2'K)x - E^=l 2n(2n-l) 

r.S+2 



ilj{x)x-'-'dx = / - — ^!^JM^ — — ^-y^--^> dx 
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~2h~s ^p{p+iyp-s p-s' 

1 1 j^—s—2n Y 

+ln{2n){^ - -) + E 2^2n-l) (7T^ " TT^^ 
We collect all above terms as two groups Jx{s) and /(s), obviously, 

~ 2s-l y p(p + 1) s - p s 2n{2n - 1) s + 2n 

By formula [3] and using the notations Jx{s) and /(s), we get 

= ij{X)X-' + + s{s + 1) Jx(s) + s(s + (4) 

and 

s(s+l)I(s) = -) {-Y — — ^—-^ — -- s+1 n 27r - V — ^ — --^ 

^ 2(.-l) ^p{p + l){s-p) ^ ^ ^ ' ^^2n{2n-l){s + 2n) 

By the following identity, 

s(s + l) s 11 



z{z + l){s — z) z{z + 1) s — z z 
we have that 

s(s + l)/(s) = -^(s) + as + 6 (5) 

where a, h are some constants which can be determined immediately. Ac- 
cording H] and |5] , we get a new representation of ^(s) when s 7^ p as follows: 



2(s - 1) ^ p(p + l)(s - p) 2n{2n - l)(s + 2n) 
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Since when Res > 1, 

Let X — )■ oo on the right side of M when Res > 1, we immediately get 
a = b = 0, that follows our theorem. 
As we know, 

logCiso) = —is)ds 

,where the integral path is a positive orient half rectangle with vertices 2,2 + 
iT, a + iT and sq = a + iT sq ^ p. Taking this complex integral on both 
sides of El we directly get following theorem: 

Theorem 4 When Sq ^ p, we have that 



^^^{logn)n'o {logX)X'o {logX)X'o+^'- ^ InX' 

^0 X^- 



+ / ds + Jx(so) + Co (7) 

J2 1 — S 



Where 



Jxiso) = fj s{s + l)J{X)ds = -j^ E 



/nXYP(P+l) so-p 



p 

2 \s-p is-py''''^ 

_J_ ^ 1 So(.o + l)X-^— _ p ^-2n-s. 2S + 1 _ S' + S 

InX ^^2n{2n-iy s + 2n J2 s + 2n (s + 2n)2^ ^ 

and Co is a real constant. 

Proof. Using integration by parts and collecting all terms containing X^"**, 
we immediately get above results, setting sq = ^ + iT in the formula [7] and 
taking imaginary parts on both sides, we have that 



Theorem 5 If the Riemann hypothesis is true, and 5 is the distance between 
T and the coordinate of the nearest Riemann zero, we have 

^^^yj ^ _ ^ A(n)s^n^Tlogn) ^ ^(X)^n(Tlo,X) ^ ^^^^ .H- X^^^^ ^ 



y/X{logX) V2 l-s ' ^5nnX' 

in the limit language, we have 

^ A{n)sin{Tlogn) 
A{X)sin{TlogX) rh+^T 



.rMj; —/s)] (9) 



'X(logX) 

From now on ,we will prove formula [9] is the same as Guinand formula. To 
achieve it, we need to make some simplification as follows: 
Let's first simplify the term 



Im( / ds) 

J2 1 — s 



, Let's transform the original integral path which is half rectangle with vertices 
2,2 + iT, I + zT to another half rectangle with vertices 2, |, | + zT and orient 
is clockwise, we get 
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ds = i / -j dt + / ds (10) 

1 — s Jo ^ — it JFr I — s 

Where 7r = [|, 1 — r] U S,,- U [1 + r, 2] and Sr is upper half semi-circle with 
radius r and centered at z = 1 Taking imaginary part on both side of fTUIwe 
get the first term of right hand side is equal to 

^ 2cos{tlogX) + AtsinitlogX) 

X i : —T, dt 

1 + 4t2 
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which is set to be fi{T,X) For the second term of right side of [101 we have 
that 

Im{ / ds) = Im{ / ds) 

JTr 1 — s Jjr 1 — s 

= limr^oI'm{ / ds) = —n (11) 

Jjr 1 — S 

Let's pick up the second term of righ side oflHli.e. ^^^I'^gf^ '^^ 
it to be f2(T,X), Since is continously differentiable with respect to 

T, we have that 

df2_f^ cosijlogtl 

dT-Ji Vi 

r'-"'^ 1 \/X 2 

= e-^^cos{Tu)du = -y—-^[2cos{TlogX) + ATsin{TlogX] - y^^(12) 

in which we have used the substituation u = logt 
We can also notice that 
dfi VX 



dT 1 + 4T2 

BylHl we get 



[2cos{TlogX) + ATsin{TlogX] 



dfi dh _ 2 
dT dT 1 + 



Thus, 



A(T,x) - MT,x) = [ YT^"^^ ^^^^ 

arctan2T 



Consequently,by ^ fTTHTSl 

, , rh+i'T x^-' ^ sin(Tlogt) , 

Imi / ds) - / ^ — ^-^dt = arctan2T - vr 14 

V 1-s ^ ii ^/ilogt ^ ' 



Let's single out the term 

in right hand ofHUand get it simphfied as follows: 



|ea( 

Kn<X 



siniTlogX) 

^^^^ ' { V Afn)n 2 - 2X2 

siniTloqX) , 1 , , , n 



logX Ji 

siniTloqX) . , , 1 1 /"^ , , , 3 , /— , 



logX ' ' ' 2J1 
A{X)sin{TlogX) sin{TlogX) 



VX{logX) 2logX Ji 

and by the theorem 2 , we have that 



A(x)x 2c?x 



rX 3 X^^2 — 1 1 

/ A(x)x~^dx = -Y — T- + 2ln(2TT)(X-^ -1 

Ji „ oio — - ) 

X-^^-i - 1 



p p(p-i) 



y — 7 — TV = 0(1) 

4l 2n{2n + i) 



With formula [T5| we have 



logX ^ ^ ^ v^(/o(^X) ^%X' 



Since 



N{T) = -arga\ + iT) 
n Z 

1 _s s 

= -args{s - l)n ^'T{-)C{s)\^^i^iT 

-arg{— -T^)- + -argT{- + - + S{T) 

TT 4 27r TT 4 2 

1 1 zT, , 
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Whenever T is not equal to any cordinates of some Riemann zeros, we can 
rewrite Guinand formula HH as follows 



11 1 

TxS{T) = Fx{T) + arctan{2T) - tt + -argr{- + iT) - argT{- + ^—) 

Tln2 1 , , , , 
^ -arctan[sinnTTT) (18) 

Where 

rv- ^sin{Tlogn) sin{Tlogt) 

FxiT) = -hmx^ool}^ A{n) — ^ / ^ dt 

n<x y/nlogn Ji y/tlogt 

sin(TloqX) , , i ^^i,. 

Using equation [TST Guinand formula) minus equation [9] and notice [T^ and fT6| 
we get that 

1 1 , /I Tln2 1 . , X / N 

= -argT{- + iT) — argT{- + — ) -arctan{sinh7iT) (19) 

When T is not cordinates of some Riemann zeros. We set right side of [19] to 
be (i(r),then we just need to prove that (i(T) = when T > 0. Let's show 
it as follows: By rewriting 

Tln2 vr 
— ^ — = arg2 2 

and 

arctan{sinhnT) = arg{l + isinhnT) 

, we have that 

4d{T) = arg- ' 



T4(i + f )4ir(l + 2sm/i7rT) 
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^r4(i + f )4^^(l + ism/i7rT) ^r4(i - f )4-^^(l - zsm/ivrT)- 
Let s = iT, then 

sinhuT = —isinns 



and 



i'M-l ) 2j'°*P(1 - ,5)r»(i + 1)42.(1 + smrs) ^^"^ 



.2 V4 ' 2 

Let 



r2(l + s)r4(i- f)(l-sm7rs) 



r2(i-s)r4(i + 1)42^(1 + sm7rs) 
then g{s) is a meromorphic function in the whole complex number plane 
and by the formula [20} g{s)\s=iT = 1 when T > . For the convenience of 
factorizing g{s), let's set s = | — 2; and reset f{z) = g{s) we have that 

We just need to prove that f{z) = 1 for any z E C , that can be derived by 
the formula 

T(z)T(l~z) = —^ 



smyKz) 

With the formulas [T6|18fl9l we can rewrite the formula [H] as: 

^ k{ri)sin{Tlogn) A{X)sin{TlogX) sin{Tlogy) 

7rS{T) = -}^ 7= + 7^. — 7- +/ — 7=] dy 

r^^x VX{logX) Ji ^logy 

+arctan{2T) -7v + 0(— — ) 
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Furthermore, we can rewrite above formula as an integral equation, first 
of all. 



^ A(n)sin(Tlogn) siniTlogy) 

S ^ ^^5%^*'"* 

sin(Tloqy) , sin(Tloqy) , ^ , , 

Ja y/ylogy Ja y/ylogy 

sin{Tlogy) ^ ^ A{X)sin{TlogX) A{a)sin{Tloga) 



a y/ylogy VX{logX) y/a{loga) 

A{y)dy 



^ Tcos{Tlny) - sin{Tlny){^ + 1^ 
yy/yln'^y 

Where 1 < a < 2. 
We substitute above formula into [2lwe get that 

1 TcosjTlny) - stniTlny)C-f + 1) ^ , . , 

S{T) = / y=f-^ A{y)dy 

TT Ja yy/ym^y 

_ 1 .1 s^niTlogy)^^ _ Aia)sMTlo9a) ^ ,,^,^^(2r) - .r] 
TT Ja y/ylogy y/a{loga) 



and 



1 Tcos{Tlny) - sin{Tlny)C-f + 1] 



A{y)dy 



TT J a y^/yln^y 

-dA{y) 



1 [X Tcos{Tlny)- sin{Tlny){^ + l) 



TT Ja y^/yln^y 

^^^^Tcos{TlnX) - sin{TlnX)C-^ + 1) ^Tcos{Tlna) - sin{Tlna)C-f^ + 1) 



X^/Xln^X ay/aln'^a 
X ~ Tcos{Tlny) — sin{Tlny){}^ + 1) 
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and 



A , ,, Tcos{Tlny) - sin{Tlny){^ + 1) ~ 

la ^^^^^ ^^^y = L ^^^^y^^^y^^y (22) 



Where 



T^sin{Tlny) 2Tcos{Tlny) 3sin{Tlny) 
yilny y^Lny Ay^lny 

2Tcos{Tlny) 2sin{Tlny) 2sin{Tlny) 



yiln^y y^ln^y yiln^y 

By [2l[2|22] and when t is not the cordinate of a Riemann zero, let X — )■ oo, 

we have following integral equation 



Where 



1 /-oo 

S{t) = — / F(t, y)^{y)dy + g{a, t) (23) 

7r Ja 



, , 1 r /"""^ sinitlogy) , A(a)sin(tloga) 
g{a,t) = [ / — — dy 



n Ja y/ylogy ^/a{loga) 

~ , , tcos(tlna) - sin(tlna)C-^ + 1) . x -, 

+A a ^ ^ — + arctan(2t) - tt 



, 1 < a < 2 



3 Representing A(x) in term of S{T) 

In this section, under the RH , we will represent A{x) as an integral of 
S{T) via Riemann- Von Mangoldt formula. Let N{T) be a function counting 



12 



the number of non-trivial Riemann zeros whose imaginary is between and 
TjUnder the RH,we can rewrite the formula [T}n term of N{T) as follows, 



A(x) 



-+H - — it 



(24) 



(25) 



3 {\ — t'^)cos{tlnx) + 2tsin{tlnx) 

+ (I - t2)2 



-2x2/ ^ , ,3 7^^^ dN{t) + f{x) (26) 



Where 



Noticing [T7t set 



Thus we have 



/(x) = -x/n(27r) - y , 
^ ^ ^ „tl 2n(2n - 1) 



t/riTT 1 ^,1 it. 



" (28) 

Putting the last two terms together and setting it to be f{x), we get that 

~ , , 3 /""^ (f — t^)cos{tlnx) + 2tsin(tlnx) ^ ^ ~, , , , 
A{x) = -2x-^l '-dS{t) + f{x) (29) 

Using integration by parts and noticing S(t) = 0{logt), we have 

(I — t^)cos{tlnx) + 2tsin{tlnx) 



t^)cos{tlnx) + 2tsin{tlnx) 
4t2 + (I _ 



°° (4 — t )cos{tlnx) + 2tsm{tlnx 



(27) 



4t2 + (I - t2)2 



4S'(0) /•'^ ~ t'^)cos{tlnx) + 2tsin{tlnx 
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From now on, we are going to evaluate the second term of [3D] in detail for 
the convenience of checking. 



S{t)d- 



I — t^)cos{tlnx) + 2tsin{tlnx) 

4t2+(|-t2)2 



~ ( ^\^\- t^)cos{tlnx) + 2tsin{tlnx)]'[At'^ + (f - ^^)^] 



°° Q/ [(! - t^)cos{tlnx) + 2tsm(t/na;)][4t2 + (| - t^f]' 
^ [4^2 + (I _ ^2)... dt 



°° [—2tcos{tlnx) — (jinx) sin{tlnx) + t'^lnxsin{tlnx) + 2sin{tlnx) + 2t/nxcos(t/nx)] [t^ + | 

"^^^^ [4t2 + (I - t2)2]2 

°° Q/ [|cos(t/nx) - t^cos{tlnx) + 2tsm(t/ra)][4t^ + St] 

[4^2 + (I _ t2)2]2 



°° —2t^cos{tlnx) — jt^sin(tlnx) + t^lnxsin{tlnx) + 21"^ sin{tlnx) + 2t^lnxcos{tlnx) 







°° —5t^cos{tlnx) — ^-t^ sin{tlnx) + ^t^lnxsin{tlnx) + bt^sin{tlnx) + 5t^lnxcos{tlnx) 

FTFT,,. 



+ /_ — ^ — — ^ — ^ , ; a;2 ^ — ^ — -dt 

lnxsin{th 



r°° —^tcos{tlnx) — (^lnx)sin{lnx) + j^t^lnxsin{tlnx) + ^sin{tlnx) + ^tlnxcos{tlnx) 

+ /- /.4 I 5.2 I 9N2 



— At^cos{tlnx) + 8t^sin{tlnx) + ^tcos{tlnx) — ht^cos{tlnx) + lOt'^ sin(tlnx) 



To summarize, we get 

Q /"OO 

A(x) = -2x2 K{x,t)S{t)dt + f{x) (31) 

JO 
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Where we still let 

3 t^)cos{tlnx) + 2tsin(tlnx) , , , , ^ ^ ^ 8S(0) 3 

and where 

7 21 

/^(x, t) = lnx[t^sin{tlnx)+2t^cos{tlnx) + -t^sin{tlnx)+5t^cos{tlnx) ——t'^sin{tlnx) 

9 27 

H — tcos [tlnx) sin{tlnx)]+2t' cos (tlnx) —Gf^ sin(tlnx) —St"^ cos{tlnx) —5t^ sin{tlnx) 

8 64 

39 / , ^ 9 . , , , 
——tcosytlnx) + -sin[tlnx) 
8 8 



By the equations [23)1311 we can get a system of integral equations 
A(x) = -2xt/o°^if(x,t)5(t)rft + /(x) 

(32) 

Sit) = -^j:°F{t,y)A{y)dy + g{a,t) 
We shall prove an inverse theorem of the Guinnand formula as follows. 

Theorem 6 Let f{t) be a function which is continous on the interval [0, +00] 

except some discrete points, which forms a set E ,and f(t) = lim x~^oo fx (t) , 

^ A{n)sin{Tlogn) A{X)sin{TlogX) siniTlogy) 
he ^ VXilogX) ^Ji ^logy ^ 

and fxif) = 0{logt) on [0, +00] \ E,then the RH holds 
Proof. Considering the function 
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and 

.+00 2(s - 1) 

/O (s-i)2 + t2 

, where Res > \ Using integration by parts, 



2/(0) ^+00 4(.-l)t 



and 



Since f{t) = limx^oofx{t) and = 0{logt) on [0, +00] \ by the 

Lebesque CCL, limx-^oofx{s) — F{s) and 

+00 4(s-l)t /•+°<^ 4(s-l)t ^ K{n)sm{tlogn) A{X)sin{tlogX) 

Jx{t)dt - / -— — n^— T^T^h 2^ 7= ^ 7^, — ^ 



Using residue theorem, we have that 



+00 4(s - l)t K{n)sin{tlogn) _ A(n) 

1*6 — 



Similarly, 

r+00 4(s-l)t .A(X)sm(t/o^X)^ , A(X) 



I(s-i)2 + t2]2L ^(/o^x) ^ X'+kogX 
and 

io [(.-i)2 + t2]2iA ^logy ^^J^' 1-.^^ 'J 
To summarize, 

f+oo 4(«-l)t V A(n) A(X) 1 
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Since for any Res > ^,limx-^oofx{s) = F{s), and F{s) is analytical in the 
half plane Res > |, we notice that when Res > 1, we have 

^ ^ ^ ^ A(n) 1 , , 

Unix^oofxis) = - ^ ^ + 35 

- ^'^'^ ' ^ -Fis) (36) 



(is) s-1 
Which means that RH is true. 



4 Lower bound of A(x) 



First of all , Let's derive a formula based on the functional equation and 
formula, since 



^'^^^ --s{s + l) K{x)x-'-^dx 



as) 



sis + 1) ^ ^ s{s + l)X''-^ ^ ^ s{s + l)X-'^-^ ^g^^ 



2{s - 1) ^ p{p + l){s- p) 2n{2n - l){s + 2n) 

As we know, by the functional equation and [371 we have 

*^U4« = — (38) 
Evaluating real part ats = | + it on both sides of [39], we get that 
r^A(x)r,3 ,2x„_^.,^^N , o.„.^/.,^^M^^ (I - ^^)(! - ^p) + sinjtp - t)lnX 

3 
4 



/" — ^[( t^)cos{tlnx) + 2tsin{tlnx)]dx — 

^1 .T2 4 , 



^4 



- tlY + 4t2 + 1 



to V4 "py I ^-p 
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- + 2tt 

- — 2tt 

+ E iiltiyUtf '''^^' + ^^^""^ = ^^^^^^^^^ 



Where 



By above formula, when t ^ 



pi 



rX ^(x) 3 

/ ^^[(7 - t^)cos{tlnx) + 2tsin{tlnx)]dx = 0(1) (40) 

otherwise, 
(•X ^fx) 3 

/ ^^[{- - tl)cos{tplnx) + 2tsin{tplnx)]dx = InX + 0(1) (41) 

Where p = | + zip are Riemann zeros, to simphfy LHS of HH set 9p = 
arctan^r^, then we have 

fX ^(x) 1 

/ -^sinitplnx + ep)dx = ^=lnX + 0(1) (42) 

xi Jil-ny + ^ti 



Let u = Inx, above formula can be reduced to 



Set fo{u) = '^^i \ sin(toU + On), and = , ., = Thus 
We have simplified form 



/ /p(t)dt = ApX + i?p(X) 
JO 
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Let g{t) = and maxQ<t<+oo \ gif) \= Ci , ^(x) = m{t\ \ g{t) \< x}, 
7l(x) = X — fi{x), and = {t\ \ g{t) \< x} 

By choosing any x < Ci , we have following estimate 

ApX+Rp{X) = fp{t)dt < I g{t) \dt= I I g{t) \ dt+ [ \ g{t) \ dt 

Jo Jo JE:^ J[o,x]\E:c 

< xn{x) + Ci{X - fi{x)) 
When X is big enough, we have 



Ci — Ap Cop 



Ci — X Ci — x 
or 



Hx) > X - 



Ci — X Ci — X 
Where C^p = maxo^t<oo I Rpi^) I and set = {u \ \^^\ > x,0 < u < 

X} 

Therefore m(Fi^) > ^X - 

\ X J — C\—x C\—x 

Where A(n) = E„<„(^ - ^(n))A(n) - ^ 

Choosing p = Po = | + 14.134.... which is the first non-trivial Riemann 
zero, we have following theorem 



Theorem 7 When X is big enough, m{F^) > J!°_ ^ X 



'PO 



Ci—x Ci—x 



Set 

fX ^(x) 3 

Fx{t) = / — V^[( f)cos{tlnx) + 2tsin{tlnx)]dx 

Ji X2 4 

, and Gx{t) = Jq Fx{y)dy, by the formula H0|42| and Guinand formula i.e 
limx^ooGx{t) = N{t), we can conjecture that when X — )■ oo, Fx(t) will 
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behave like a distribution more than an ordinary function. Let's verify it as 
follows: 

First of all, we notice that 

e-™[(- - e)cosiku) + 2ksin{ku)]^^du 
4 g2" 



/ + 00 _ 

Using integration by parts couple of times, we get 

s{s + 1) A{x)x-'-'-'^dx = sA{l) - A(l) + x-'-'dA{x) + e x-'-'A{x)dx 

-se x~'~'-^A{x)dx - sx-'-'-^A{x) 

and 

By the formula [21 when Res > |we get that 

rfA(x) = -^^i^ + l (43) 
Ji C[s + e) 



Therefore 



I e-^"[(- - k')cos{ku) + 2ks^n{ku)]^du = M^;^] L=i+.. +^e{k){U) 
Where 

/oo _ roc 

x-'-'-^A{x)dx + e J x-'~'-'^A{x)dx] \,= i+ik 



For the simplicity, we denote LHS of|44]by Je{k). Choosing any test func- 
tion g{k) & C^{W~) , where C^{R^) is the set of all smooth functions which 
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have compact supports on , let's compute following inner product, by 

= lime^o{Re[ ^ \s=^+ik, 9{k)) + lim,^o{ip,{k), g{k)) (45) 

and it's not difficult to verify that lim^^o{ip^{k) , g{k)) = 
Using integration by parts twice, we have that 

(^e[^|^] L=i+,„ g{k)) = {h{^- + e + ^k),g'\k)) (46) 

Where h{z) = ln({s)ds and Rez > |,the integration path is the con- 
ventional contour from 1 to z 

Since h{^ + € + ik) = 0{klogk) uniformly for any small e and lim^^Qh(^ + 
e + ik) = Si{k) 

Where Si{k) = S{t)dt 

Finally, we have 

Um,^,{Uk),g{k)) = {S,ik),g"ik)) (47) 

Before ending this section, let's take look at the equation |39] again, we 
can rewrite this equation in term of integral equation as follows: 

POO 

/ Kxit,t')dN{t') = Hxit) (48) 
Jo 

Where 



^4 

(|-f2)2+4f2 t'-t (f-f2)2+4f2 ^/ + ^ 

- + 2tt' - — 2tt' 
2 cos {t' - t) InX + 3 2 — cos{t' + t) InX 



-t'2)2+4t/2 V ^ (i_f2)2 + 4^/2 
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and 

j-x ^{x) 3 Inn 1 r' 1 

Hx{t)^ / ^^[{--t'^)cos{tlnx) + 2tsin{tlnx)]dx+ Re—{- + it) 

Ji x2 4 2 2 r 2 

Actually, above equation depends on the parameter X,for every fixed 
X,we get a non trivial integral equation of N{t), so we obtain a family of 
integral equations, noticing that the integral kernel Kx{t,t') is an explicit 
function,it's expected that exploring these integral equations will help us to 
understand RH further, besides we can consider similar results for L function 
which satisfies functional equation. 
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